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Lecture 5

® How to write down Feynman Diagrams.
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Computing with Diagrams
T{¢r(x1)pr(x2) ... o1(xn)} = dr(x1)dr(x2) ... dr(Tn) :

+ : all possible contractions :

® Wick’s Theorem greatly simplifies the
computation of Correlation functions of fields.

° We st|II need to compute all p055|ble
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A Simple Example

T{¢1¢293¢94} = D(x1 — 22)D(x3 — 24)
+D(x1 —x3)D(x0 — 24) + D(21 — 4) D (22 — 23)

® |f we were to interpret the four field example as a set
of diagrams we see that we have three terms each of
which involves a field that evolves from one point to
another,
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Including Interactions

® The previous example shows what happens in a non-
interacting free theory, the points merely evolve in time
without interfering with each other.

® VWhat about interactions?

onsider the second
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Wick’s Theorem

SR . : : : A
® After substituting our interaction Hamiltonian, H;,; = —Zgb4(:1:)
we have, |
A

(Olp(z)p(y)(—1) / d*2 75 8(2)9(2)$(2)$(2)[0)

° ApplyingWick’s Theorem to this expressiqn we get,
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Diagrams

3 <_4—7"A) Dr(x —vy) /d4zDF(z — 2)Dp(z — 2)

12 (%‘ﬁ) / d*2Dp(x — 2)Dyp(y — 2)Dp(z — 2)

® This can be written down as two diagrams




The Interaction Vertex

® FEach interaction vertex has four fields at the same point.
® FEach has an associated factor of / d*z(—i))

® The 4! in the denominator is cancelled by 4! coming from the
different ways of arranging the four legs of the vertex.

® Each such vertex can be interpreted as the emission and/or
- absorption of particles at the vertex (from the four fields at the

.
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Momentum Space

® We are almost ready to write down the
Feynman rules for this theory.

® |deally we want to deal with these rules in
terms of momenta and not space-time
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Momentum Conservation

® |nserting the propagator in this form introduces
exponential factors for each end of the propagator.

® We can use the integral over z to integrate over the
exponentials that are at the interaction term,
d'ze ®iog *aie ®ret = (Qm'S Y (p1 - p trs-pe)
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Feynman Rules

® The terms in the perturbative expansion can be written
down as a diagrammatic set of rules.These are know as the
Feynman Rules.

® For our simple example they are
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Disconnected Diagrams

® We apply these rules to produce only
complete connected diagrams, i.e. every line
must be connected to an external leg.




Disconnected Diagrams

® The reason we drop them is due to the
denominator (0|U(T,-7)[0) present in,

(OIT{(w1)(w2) - - d(wn) exp |—i [ dtH(t)|}]0)

(O[T {exp |—i [ " dtH;(t)]}]0)
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Physical Processes

® Ve can now compute correlation functions using
Feynman diagrams.

® How are these related to quantities we can
measure in experiments!?
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Phase Space & Probability

2
T ol . dll
UnitTime x UnitFlux

® Where dIl represents the phase space we must
Integrate over.

do =

® This size of this phase space will depend upon the cuts
imposed by both theoretical and experimental
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Scattering

® We can think of a typical scattering process as
consisting of three steps,

® Start with a collection of particles which are well
separated at some time in the distant past.
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In States

® As this is a quantum process we cannot set up initial states
of specific position and momentum instead we describe
each initial state via a wave packet,

N P
16) = / G5t IR (el =1 [

d3p
Gralo®l® =1

Rl v A A > ki o : e v e L : " i

. - > e ol 1 o d A )/ ¥
e St Faba o 2 ] 3 el 2 AT e Dok b e !

Py 1EEN 2B LI MU > ARy N ) 4 P

-
| B!
Rt

i
) %



Out States

® After interacting the particles become well
separated into 7 states in the distant future, the
out states.

® The amplitude can be constructed by computing
- the overlap of the set of in states to the set of out
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Asymptotic States

® Assuming that the asymptotic states are the same as the
non-interacting free states allows us to proceed.

® |tis notin fact true.

® Interacting field theories can never be truly separated at

infinity so the asymptotic states are not the same as the
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The S-Matrix

® Jo perform computations using this amplitude we  SSume

el the in and
rewrite It as out states

A =qut (D102 . .. 0n|OADB ) in . are free

field states
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Correlation Functions

® The in states at time, -T, can be written in terms of
interaction picture field operators so that,

0adB) = 9(pa)o(pB)|0)

- ® Similarly the out states at time, I, can be written as
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Time Limits

® We were able to move the in and out fields inside the Time

ordering operation as they were defined at the beginning and
end time of the computation.

® Our assumption is that these states are well separated at a

time far in the past, this means that we must take the time
limit to infinity.
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The 7T-Matrix

® What we are really interested in are the effects of the

interacting terms. This is the T-Matrix, T, which we
define via,

el

® |f we compute T rather than S then we discard any
- terms where all the external legs are not connected to




External Legs

® Examining our Feynman rules above we would associate
with each external leg;

® a factor of exp(-ip.x)

® 2 propagator connecting the interaction point to the
~ external field
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Amputated Legs

We will therefore “amputate” this propagator from the
external legs.

We will also remove any “bubble loops™ from this external
leg, this will be important later.

Effectlvely we are taklng account that the external legs of
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Feynman Rules

® Our final procedure for computing an amplitude is given
by writing down all amputated, fully connected Feynman
diagrams, with the following final Feynman rules;

(

|. For each propagator, e

2k h t A\

2. For each vertex, —;
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Spinor & Vector Propagators

® These are the Feynman rules for a scalar field theory
for other theories that we will want to consider we
will have to alter rules | and 2.

® For a spinor propagator we write,
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Cross sections

® After computing A we can then compute the cross
section (or more useful a differential cross section).

® For two incoming particles this is given by,
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Example |

® To see how this works in practice let us look at a couple of
examples.

® Start with a simple example of a lowest order, called tree
level, perturbative computation in a @’ scalar theory.
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Example |

® | et us examine two of these Feynman diagrams,
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Example |

® Ve can use one of the delta functions to
perform the integral

d* 1
/ ( p4 5 (pl = lUa —p)(5(4) (p = U2 -I-p4) =

D% — m?2 + ie
4

i 5 (p1 + pa — p3 — pa)
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Example |

® As a second example consider the next to lowest
perturbative expansion term, this is usually called the one-
loop term, for @, — d;




Summary

® VWe now know how to write down
Feynman Diagrames.

® Ve have defined the In and Out states and
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Lecture 6

® How do we constructing a Lagrangian?

® Generically what type of terms can we can
incorporate!

® |nvestigate the fundamental role different types of
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Symmetries

® We are now ready to look at more complicated
gauge field theories such as QED and QCD.

® One key feature of modern physics is the use of
symmetries.
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Perturbations

® What additional terms can we add to a
Lagrangian which also satisfy our demands that
we can compute using a perturbative expansion?

® |n our example cases we assumed the coupling
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Power Counting

® Consider a Lagrangian
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Relevant Terms

® We need to take into account the dimension of the
coupling of a term to determine if it is “small”;

® [A3] =1, For this term, the dimensionless parameter is A3/E,
where E has dimensions of mass. Typically in quantum field
theories £ is the energy scale of the process of interest.
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Marginal & Irrelevant Terms

® The other types of term fall into two categories,

® [A\4]=0,this term is small if A4« 1. Such terms are called
marginal.

® [)>4] <0, for n>5 the dimensionless parameter is AE" 4,
which is small at low-energies and large at high energies.
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Reduced Lagrangian

® We will restrict ourselves to Lagrangians that contain
only relevant and marginal terms as we want to deal
with renormalisable theories.

® Also the physics we are interested in occurs far below
some “GUT?” scale, so irrelevant operators will be
~ greatly suppressed. R,
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Global Symmetries

® The Lagrangian typically contains a number of Global
symmetries.

® A global symmetry is a transformation that acts
only on the fields of the theory and is the same at
every point in space-time.
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Lie Algebras

® The symmetry groups we will look at are all Lie
Algebras.

® Of all the Lie Algebras we will only use two of
them in these lectures, U(N) and SU(N).
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Global Symmetries

® Global symmetries of this kind lead to conserved
currents.

® Noethers Theorem tells us that every continuous
symmetry gives rise to a conserved current, j(x),
- such that the equation of motion is given by,
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Local Symmetries

® A more interesting class of symmetries arrises
when we consider making the symmetry
depend upon space-time.

® As an example consider making the global
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Covariant Derivative

N (z@ — m) T — Peio@) (z@ — m) e~ i) g
® Unlike in the global case the differential will now act
on the exponential as it depends on x,

U (i —m) ¥ + Tei(@) e=ia@) (o (1)) T

® So this Lagrangian is not invariant under this local
- transformation.
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Covariant Derivative

® Finally the Lagrangian is invariant if A, transforms
simultaneously under the gauge transformation,

1
A=A —(%oz(x)

® The complete transform of the covariant
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A New Interaction

® By requiring a local gauge transformation we see that we
have had to introduce an additional term into the

Lagrangian,

—eTAM\If

® Thisis the coupllng of two splnors to a vector field with
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Photons
—e@AM\IJ

® We have one problem though, we have an interaction term
for a field A, but we have no kinetic term.

® We would like to associate the vector field with the
Electro-Magnetic (EM) field, with e the coupling constant of

the photon to the electron.
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Maxwells Equations

® The classical Lagrangian for Maxwell’s equations,

1
Lry = _ZF'LWF/M/ FMV T a,L“él’/ i 8VAN

® This Field Strength tensor satisfies the Bianchi identity,
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Gauge Symmetries

® After adding this term we can now see why we described,
Ay = = éﬁﬂa(a})

® as a local gauge transformation.

® This is simply the gauge transformation that Maxwells

equations are invariant under,
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Gauge Choice

® This gauge freedom means that an
additional constraint or gauge choice is
required in order to quantise the theory.

® [wo possible choices we could make are,
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The QED Lagrangian

® |f we assemble all the pieces together then

we have the Lagrangian for QED,
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QED Gauge Choice

® When quantising the theory we will want to
add an additional term to the Lagrangian to take
into account our gauge fixing choice,
1
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QED Feynman Rules
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® From this Lagrangian we have the following
Feynman Rules,

® VWe denote every photon propagator
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QED Feynman Rules

® For each external photon we have a factor of €.

® [or each external electron we have a factor of




QED Examples |

® FElectron Scattering: ee—e¢ ¢

® Two contributing diagrams
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QED Gauge Issues

® | ook at this again but try it in a different
gauge.




Amplitudes

® [wo of the terms are the same as before,
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(p2 — p1)? (p1 — p3)?
® but we have two additional terms,
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Amplitudes

® [wo of the terms are the same as before,
= —i(—ie)’ (wwl)wu(p?)] [@(ps)yuu(pa)] _ [a(pi)y ups)][@(ps) vuu(pa)] )

(p2 — p1)? (p1 — p3)?
® but we have two addltlonal terms,
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QED Examples |l

® Electron Positron Scattering : ee™—e¢¢"

® Two contributing diagrams
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QED Examples Il

® Electron Positron Annihilation : ee™—yy

® Two contributing diagrams
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Mandelstam Variables

® When computing 2—2 Feynman Diagrams we will come
across similar combinations of the external momenta
repeatedly.

® T[hese standard combinations are known as the Mandelstam

variables
s = (p1 +p2)° = (p} +ph)°




Summary

® VWe have seen what type of terms we can
incorporate into a Lagrangian.

® |nvestigate the fundamental role different types

of symmetrles played in the constructlon of
a|ld theories such as Ol =D and QX i R
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