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Lecture 9

® We will finish our investigation into
Renormalisation.
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One-loop integrals

® |n the last lecture we saw that the one-loop

integral diverges,
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® TJo deal with this situation we will regulate the
- integral using Dimensional Regul arisation,
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QED & QCD Loop Corrections

® Jo see how renormalisation works let us

consider a more complicated example than
the bubble.

® | ook at the QED/QCD Vertex correction.
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Vertex Correction

PN

® We get the following expression for this,
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Renormalising the Vertex
Correction

® Again we have an unwanted € in our result.
® Jo remove this we will renormalise.
® What is renormalisation?

® The parameters in the Lagrangian, such as the
coupling constants and masses, are not the actual
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Coupling Constant

® For the vertex correction we need to renormalise the
electromagnetic coupling constant.

e = Z.epR

® QED is a renormalisable theory so we only need a finite
number of renormalisable parameters.

° We can compute the renormallsatlon parameters order by
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The Coupling Constant

® |et us see how this will work for the charge renormalisation term,

e = Z.€eR

® We can write the Z. as a perturbative expansion in terms of our
dimensionally regularised result,




Coupling Constant
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® We can now choose Zélguch that we cancel the pole

terms, 1
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® |eads to the expression,
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Counter Terms

® Rather than computing our expressions in terms of the bare
parameters it is usually more efficient to work with a
Lagrangian written directly in terms of the renormalised
fields and parameters.

® Rewrite the Lagrangian in terms of the renormalised
parameters at the expense of adding additional UV counter-
terms to the Lagrangian to compensate for this.
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Counter Terms

—GR(Ze — 1)@’}/“\1114“
® W/ith this new Lagrangian the computation that we
had before would then become,

= epCh + (% + b) PR =

® The Z. will be exactly as before,
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Coupling Constant

On the surface this procedure might seem somewhat ad-
hoc.

There seems to be a lot of freedom in our choice for the
coefficients of these renormalisation terms, but there is a
limit to the number of terms we can fix in this way.

We choose coefficients such that they cancel the UV poles.
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Finite Results

® A similar procedure applied to all the other bare
parameters in the theory leaves us with a finite result up
to a particular order in the perturbation series.

® We have removed the one-loop divergence in (er)’, but
not at higher orders in er.

® A consequence of this perturbatlve renormallsatlon is
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The Beta Function

deg}i‘;R) = B(er(ur))

® This beta function tells us how the coupling constant
evolves with a change of scale.

HR

® |t is computed in a perturbative expansion in terms of
the coupling,

Bler(pr)) = Prer(ur) + Bren(ur) + . ..
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The QCD Beta Function

® We can perform a similar computation in QCD
but this time the beta function has a minus sign

in front of it. 9
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NLO Computations

® We can now compute tree level and one-
loop level amplitudes

® Combine these together to derive the next-
to-leading order (NLO) contribution to a
perturbative series.
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NLO Contributions

® The perturbative expansion consists of,




Squared Amplltudes

Anro = Ao+ gA1 + g° A
® Squaring this amplitude to produce a cross
section or observable shows us why we
must include both the real and virtual terms,

[Anzol” = [Ao” + g°|A1l” + g7 (A3 40 + AG Az)




Real Diagrams

® For the real contribution we sum and then
square (as this is QM)
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Real Phase Space

® The two particle phase space integral is given by,

d*q
dIl
/ <o / 27) 32k0 (27)32¢0

® Examine “half”’ of this,
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In More Detail

® Examine this term in more detail by choosing a
particular momentum parameterisation,

p = Y2(1,0,0,1)
D2s== §(1707O7_1)
k= |k|(1,0,sin O, cos ©)
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IR Divergences

® Examining this expression we see that there
are two sources of divergence,




Virtual Diagrams

® The virtual amplitude contribution will also
contain poles that we can regulate using

Dimensional Regularisation, yi:/é% = (
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Virtual Diagrams

® The virtual amplitude contribution will also
contain poles that we can regulate using

Dimensional Regularisation, yi:/é% = (
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Virtual Diagrams

® The virtual amplitude contribution will also
contain poles that we can regulate using

Dimensional Regularisation, yi:/é% = (
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Cancelling Divergences

® The IR divergence's simply cancel with
divergences in the virtual part,
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Cancelling Divergences

® The IR divergence's simply cancel with
divergences in the virtual part,
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Bloch-Nordsieck

® The Bloch-Nordsieck theorem tells us that IR
divergences will always cancel between the real
and virtual termes.

® This differs from the UV divergences that we had
to remove using renormalisation.
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Final State Collinear Divergence

® |ust like for IR divergences the divergences
arising from final state radiation will cancel
with divergence's in the virtual term,




KLN Theorem

® The KLN theorem tells us that all final state
collinear divergences cancel when we sum
over degenerate states.

® |f we do not sum over all degenerate states
then we will have left over divergence's.
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Infrared Finite Observables

® This means that we must be careful what
we try to measure when we compare
theory against experiment.

Safe observables are generally,
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Initial state

® |R singularities from Initial state radiation are slightly
different.

L8, They do not cancel between the real and wrtual pleces
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Singularity Summary

® There are three kinds of singularity we
encounter when performing NLO calculations.

® UV singularities - Remove via
renormalisation.




Summary

® We will finish our investigation into
Renormalisation.
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Lecture |10

® We will go through some of the modern
techniques that are used to perform actual
QCD computations.
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Helicity Amplitudes

® Usually prefer to compute helicity amplitudes,

Alpblgtzan il ple)

® Each external leg is describe in terms of its
momenta and its helicity.
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Spinor-Helicity Method

® We will write the two component massless spinors
& (17| =a—(p1), (27| =714(p2)

|
17) =uy(p1), [27) =u_(p2)

® Then the spinor products can be written as,
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Spinor-Helicity Method

® These spinor products can be viewed as “square
roots” of the Lorentz products with a phase,

(12) = e/ (p1 +p2)?  [12] = "%/ (p1 + p2)’
® The outer product can be written as,
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Polarisation Vectors

® We need to write the polarisation vectors in
terms of spinors as well.

® This can be done using,
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Removing 4-Vectors

® Re-express common objects that we find in
Feynman diagrams,
U—(p1)v*u—(p2) = (1]7*|2]
T—(p1 )y u—(p2) = {1]7"7"(2)
® The gamma matrices will be contracted with
~some 4 vector SO we can remove all 4 vector
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An Example

® | et us rewrite one of our previous examples.

® We want to compute the helicity amplitudes, so first
compute the amplitude, A(1,27,3-,4"), we specific specific

helicities for each leg,
pi(-) p2(+)




An Example

® | et us rewrite one of our previous examples.

® We want to compute the helicity amplitudes, so first
compute the amplitude, A(1,27,3-,4"), we specific specific

helicities for each leg,
p1(-) : p2(*) pi(-) p2(*)
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An Example

= —i(— ze) o [U— (p1)y"uy (p2)] g (pa)yuu—(ps)]
(p2 — p1)?

® We can then rewrite the amplitude in
spinor-helicity notation,

13)[42] 2 (13)[42

. 2 | -
—1(—1€ = 6
- ) ARl i S

Lps gl

» o ") e oo, 8 W - - " oy N
- - M & oy & 0 o ot B . Y o
i -CRPCA. o BN [T R I e
i B VRS




Amplitude Squared

® Apart from the compact expressions for each
of the amplitudes there is another advantage.

® When we “square” the amplitude we have
much less work to do,
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Amplitude Squared

® Apart from the compact expressions for each
of the amplitudes there is another advantage.

® When we “square” the amplitude we have
much less work to do,
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Complexity of QCD
Amplitudes

® |n QCD we have quark-gluon, three gluon and four-
gluon vertices.

® Ve need to consider all permutations over identical
particles. This is particularly bad for high multiplicity

gluon amplitudes.
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All Gluon Amplitudes

® | ets count the number of diagrams we must include
for a one-loop all gluon amplitude as we increase the
number of legs.
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V+]ets Amplitudes




Simple Amplitudes

® We might think that we are stuck with the difficult
task of computing and combining large numbers of
Feynman diagrams.

® But the final amplitudes are actually much simpler
than we would expect.
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MRV amplitudes

® These are three all-multiplicity amplitudes.

® |f we were to compute them with Feynman
diagrams we would need to sum together
an infinite number of terms.




Gauge Dependence

(12)
(12)(23)(34) ... (n1)
® Why is this amplitude so simple?

® Feynman Diagrams are a powerful tool but they do not
take into advantage of all the symmetries of the system.

® The problem with Feynman Diagrams is that they are

gauge dependant objects and they are built up from off-
shell objects.




A Better Vay

® The gauge dependance only cancels at the amplitude
level.

® The final amplitudes are on-shell objects.

® A simple result after a very complicated computation
procedure tells us that there is probably a better way.
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On-shell Recursion

® How do we use amplitudes directly?

® On-shell recursion (BCFW) relations were
discovered by Britto, Cachazo, Feng and
Witten in 2005.

® Simple idea: build up amplitudes from
amplitudes with fewer legs,




The Details

® How does this work!?

® We pick two legs, i and ;.

® Ve shift the momentum of these two legs so that
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The Shifted Momentum

® How can we shift these legs and satisfy
these properties!

® Ve shift one of the spinor components of
the momentum, this makes them complex
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Recursion

® We then consider all divisions of the
amplitude into two smaller amplitudes
where one half contains leg i and the other

leg j.




Simple Example

® Jo make this clearer let us try a simple
example.

® | et us compute the 6 point all gluon MHV
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Simple Example

® Pick two legs to “shift”.

® We will pick leg 2 and leg 3 so their
momenta become,
ky = (2]v"12] = (2]7*]2] + 2(2|+*|3
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Simple Example

® We get six possible terms, five of which vanish.
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The Amplitude

® FEach of the remaining amplitudes is an MHV
amplitude so we can write down expressions for
them,
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Simplifying

® As we have shifted only one of the spinor
components in each momentum then we can
simplify these expressions
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The Final Step

® Multiply the two amplitudes together and
the propagator,
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The Final Step

® Multiply the two amplitudes together and
the propagator,
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The Final Step

® Multiply the two amplitudes together and
the propagator,

QoM s i R




The Final Step

® Multiply the two amplitudes together and
the propagator,
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On-Shell 3-Point Vertex

® |n this example we required an on-shell three point amplitude.

® How can such an object exist?

® Momentum conservation would tell us that,

(P1-p2) = (P2-p3) = (p3-p1) =0

® Weare usmg complex momentum so th|s is no Ionger the case!
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On-Shell Summary

® At tree level we can use on-shell recursion to very

easily build up amplitudes that would be difficult
using Feynman diagrams.

® To prove these relations we need only use complex
momenta, some complex analysis and the simple
properties of the amplitudes.




Loops

® At the loop level we will use unitarity.

® We will glue tree amplitudes together to get loops,

[

gdnL
e

o
G AN 3
gaepe , 2 .
e R
' R - :

=

[




Summary

® Ve have introduced the spinor-helicity technique
as an efficient way of computing amplitudes.

® Ve have seen how we can reduce the
complicated sum of Feynman diagrams down to
- much simpler amplitudes.
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