Introduction to Quantum
Field Theory and QCD
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Lecture /

® |nvestigate how non-abelian local
symmetries introduce new interaction
terms.




Yang-Mills Theory

® QED is an abelian U(/) theory, its Lagrangian is
invariant under local phase rotations.

® Consider a more general class of theories.

® WWant to investigate invariance under any continuous
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The General Case

® |n QED we had a single field transforming.

® Consider generalising to N copies of the field,
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General Transformation

® A general local transformation of the field in this internal
space is written as,

Vo (2) = Uap(2) Vs ()

® We will consider local phase transformations, so U(x) is
asspofithe ceneralform, wag e i L g
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The Symmetry Group

Uap(x) = exp iz&i(ﬂf) T

® What form can the #; matrices take?

® We will choose the #; to be the generators of a symmetry
group, there will be as many a;'s as there are generators.
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SU(N) Lie Algebras

® We now need to go into a little more detail about Lie
Algebras.

® SU(N) is the group of all unitary NxN matrices with
determinant equal tol.

® The generators will satisfy commutation relations related
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SU(N)

® Jo proceed we need to have a representation
of the group.

® We will start by using the Fundamental
representation, e.g. for SU(3) thisis
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Fundamental Representation

® There are N°-1 generators which for N=3
gives the 8 ‘s we have written down.

® As we would expect these matrices satisfy
the expected commutation relations,

L X S gt v

4 : . M 3 Dl
e b R T St Ty WA = Y e
.. L)~ _“‘ (3 ) A L3 B » e

L]
. e O e T N - b
< ;—ﬁ(‘ y ‘.a_'_ oA Y ,J, Al PR .
ol o . " o o ’ '~‘..'/ . = I

" e
§ .
e YL




Adjoint Representation

® An alternative representation that will be useful is the Adjoint
representation.

® This is built using the structure constants in the following way,
W= Kt d
® Again this representation of the generators satisfies a similar

commutation relation,
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l ocal Invariance

In the abelian case we were forced to introduce a
new field (the photon) that transformed in a certain
way under the local gauge transformation and
introduce a covariant derivative to guarantee local
Invariance.




The Gluon Fields

® These new gluon fields are introduced into the
covariant derivative as,

Do = (0x +ig Y t*AM)
A

® FEach gluon field 44is multiplied by a generator of




Covariant Derivative
D, = (0, + z’thAA;A)

® The quarks are spinors and so we want the
covariant derivative of them to transform under
the local transformation in the same way,
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Covariant Derivative
D, = (0, + z’thAA;A)

® The quarks are spinors and so we want the
covariant derivative of them to transform under
the local transformation in the same way,

g y AP 3§ ,
l i e N " SR~ *-~'.|"'
Al
3. - ™ B T ¢ NP
. 1Tl

/-
M ] 1 N
[ ". A
".- T T A\




Gluon Transformation

® TJo satisfy this transformation property then we
must demand that the gluon fields, A4, transform

to cancel these additional terms,
Y 444 = 3 AU (2) AAU (@) + = (BaU (@)U ()
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Kinetic Terms

® Again we have introduced interacting fields but
not defined a kinetic term for them.

® Asin QED we can only pick a kinetic term that
transforms in the correct way under the gauge
transformation.
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F“* Transformations

® The field strength tensor will also transform under
the gauge transformation,

F i (z) = U@)F (@)U (2)

These results can also be derived from the identity,
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QCD

® Combining all these pieces together we get
the QCD Lagrangian written in a compact
form,
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Quark-Gluon Interactions

® VWhat interactions does this Lagrangian
contain?

® |et us first look at the coupling of two quarks
to a gluon.

- Colour Flow
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Gluon-Gluon Interactions

® One on the defining features of a non-
abelian gauge theory is the presence of
interaction terms between the gauge bosons.

® Unlike in QED we wiill have interactions
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Three Gluon Interactions

® |n the F*Y Fyy term we will have pieces of the type,
9148 (B, A (x)) A*P AV

® So we have three gluon fields interacting at a point
-~ withacoupling constantg.




Four Gluon Interactions

® There is a second type of term that will arise from
the F¥V Fy,y term,

QQfABCfC’DEA,uBAI/C’ADAE

® Here we have four gluon fields mteractlng at a pomt
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Final Points

Lqcp = —Z(Fﬁu) + > W (i) —m)Wa s + Loange + Lehost
f

® We can now proceed to quantise this theory.

® TJo do this we will have to add a gauge fixing term as
we did in QED.
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Feynman Rules

® The Feynman rules for propagators in QCD are given by,




Feynman Rules

® The Feynman rules for the vertices are given by,




Feynman Rules

® The Feynman rules for the vertices are given by,

_ _,L-g2fabefecd(gpl/g,ua . gpag,uy)

_Z-QQfacefebd (gp,ugya . gpag,uy)
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External States

® For fermions external states are given by,

P— ; :
> = u(p) for incoming quarks

15 =S ;
) =u(p) for outgoing quarks



External States

® For fermions external states are given by,

P— ; :
> = u(p) for incoming quarks

15 =S ;
) =u(p) for outgoing quarks



QCD Computations

® Computations seem similar to QED, draw all
Feynman diagrams and compute etc.

® QCD Feynman diagrams are similar to QED
diagrams but we now have colour information

flowing thro
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BIN

® The process ep™—e +X is known as Deeply Inelastic

Scattering (DIS) //e
e ~




Partons

® Assume that the proton is made up of a non-
interacting set of partons.

® Each parton contains a fraction x; (0<x;<I) of the
total proton momentum.
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Parton Distribution Functions

® They contain all the complicated information
about the behaviour of the partons in the
protons.

® Commonly known as “Soft” physics as it
occurs at much lower energies than the
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Computing PDF’s

® We do not know how to construct them from first

principles as they depend upon non-perturbative
physics.

® Use experimental data combined with an ansatz for
-~ their structure to compute them. [MRST, CTEQ]
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Parton Distribution Functions

® For example the MSTW 2008 pdf set at
NLO looks like,

MSTW 2008 NLO PDFs (68% C.L.)

Q2 = 10* GeV?
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Summary

® Ve have seen how non-abelian local
symmetries introduce new interaction
terms.

° We have seen how a Iocal SU(N) gauge
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Lecture 8

® | earn about the Factorisation theorem and
how this allows us to compute QCD
amplitudes.

® Go through a simple example, including
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BIN

® The process ep™—e +X is known as Deeply
Inelastic Scattering (DIS) e
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Splitting the Computation

® We can write the cross section computation as
ofeWpP) — () + X) = [ 3 537p(@)o(e” Bas(eP) = (k) + 5(P)

® This splits off the soft QCD physics related to a quark in
the proton.

® The remaining piece is computed as though the quark
- wasa free particle with a modified momentum.




Infinite Momentum Frame

® One of our assumptions when computing the

scattering process is that at infinity the fields
become well separated.

® How does this assumption apply when our final
state particles are confined?
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“Stationary” Partons

® From the point of view of the interacting photon
interactions in the proton will be time-dilated by a factor

of, !

8= 7 :
\/1 o3 vproton/c

Furthermore if we were to imagine the proton having a
radius in its rest frame of 7,000 then from the point of
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Asymptotic Freedom

® Why do the particles in the proton behave as though they
were free at high energies while they remain bound into
hadrons at low energies!

® Asymptotic Freedom.

® In the early 70’s it was discovered that coupling constants
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Scale Dependance

® Schematically for QED we have,
g(K)




Scale Dependance

® Schematically for QED we have,
g(K)




A Factorised Result

o(e= (K)p(P) — e~ (k') + / dzcsz/p (e~ (K)gr (zP) — e~ (K') + ¢; (P"))

® Our computation now reduces to finding the hard
scattering cross section.

® Using the parton model we assume that the states were
|n|t|ally well separated and we will assume that they will
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Hadron Collisions

® Consider the collision of two protons.

® |Let us assume that we can generalise our previous result

for the differential cross section,
1

doap—r+x(p,p) = Z / di’?dfvlfi/A(fE)fj/B(fE)
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Factorisation

® (Can we justify this? Can we really separate two PDF’s
from the hard scattering?

® We now have two complicated protons that are
colliding.

® A more sophisticated argument will be needed than for
DIS, where we could go to the infinite momentum
frame for the electron.
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Factorisation

® The differential cross section can be written as (additional terms
are suppressed by inverse powers of the hard scale.)

1

dOAB—>F+X(p7p/) o Z / dwdw,fz/A(xv“F)f]/B(aj?:uF)

partons i,] 0

><da—’ij—>F—|—X (CEp, ajlpla s nuF)

e
® We have introduced a factorisation scale ur.
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An Example: Drell-Yan

® As an example we will work out the cross section
in detail for the Drell-Yan process at leading order,

q1(p1) + q2(p2) — 7 (k)
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'+ The Amplitude

® The Feynman diagram for this process
gives,

A = —ie (Us, (p2)7"us, (P1)) €, (K, A)
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The Amplitude?

® We will contract all vectors and spinor chains
when we “square” the amplitude,




The Details

® Now use our understanding of spinors and
polarisation tensors to S|mpllfy th|s




The Result

® Contracting the Lorentz indices gives,
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The Result

® Contracting the Lorentz indices gives,
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The Result

® Contracting the Lorentz indices gives,
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The Result

® Contracting the Lorentz indices gives,
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The Cross Section

® \We can now insert our result for the
amplitude squared into the formula for the
Cross section,
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The Final Result

® Putting all of this together gives us,
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® If p; and p2> had come from two protons with momenta
Prand Pz then we ‘would have to multlply thIS by the
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Higher-Order Effects

® We have set up techniques for computing an
observable as a perturbative series,
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One-loop integrals

® We will start with a generic one-loop graph

in @’ theory,
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One-loop integrals

® Compute the self-energy diagram,

+k
k & k

P

® Using the Feynman rules this gives,
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UV Divergences

® Examining the integral in the limit that|p]
becomes large we see that we have,
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~ @ This is an example of a UV divergence.
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Regulators

® The problem with this regulator is that it
brakes Lorentz Invariance.

® A more ideal regulator would preserve this.

° The most common regulator s known as
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Dimensional Regularisation

® The integral is regulated by performing it in
a dimension in which it is finite.

® The regulation parameter will then be the
difference in dimension from the usual 4.
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Renormalisation

> 1 1 1
C/ d|p||p]~t ¢ = Ea_e = e e _ " _Tng+...

€ €

® The divergence now appears as a pole in ¢.

® When performing a higher-order computation we
compute all the pieces and then set the regulator to
zero at the end.
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QCD Computations

® Compute QCD amplitudes in a similar way to
QED.

® VWe compute a partonic cross section to some
order i in Os usmg Feynman diagram technlques.
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Summary

® | earnt about the Factorisation theorem and
how this allows us to compute QCD
amplitudes.

® Gone through a simple e
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