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H + 3j @ NLO
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Figure 3: Scale dependence of the total cross section for scale choices A, B and C for different PDF
sets with a center of mass energy of 8 TeV (upper row) and 13 TeV (lower row), and for H + 2 jets
(left column) and H + 3 jets (right column).

estimation of the theoretical uncertainties. The plots show the results for three different
PDF sets, CT10nlo [117], MSTW08 [119] and NNPDF23 [120]. This is compared to the
scale choices A, B and C. For scale C we show the result only for one PDF set. Although
the different PDF sets lead to slightly different results, their effect is considerably smaller
than a different choice of the scale. If we compare the 2-jet result and the 3-jet result we see
that for the former the effects of scale and PDF choice leads to a broader range of results,
i.e. the spread between the single curves is bigger compared to the 3-jet case, where the
curves (except for scale C) seem to be more bundled. For the 2-jet process the scale C is
in quite good agreement with the other scales, which is clearly not the case for the 3-jet
process. This indicates that this scale (i.e. the Higgs mass) is smaller than the other scales
hence shifting curves to higher values of x. Another interesting point is that for both jet
multiplicities the shapes are almost independent of the center of mass energy, the plots for 8
TeV and 13 TeV are very similar. Only for scale choice C we find a visible deviation, which
is not surprising as it is a fixed scale and therefore does not account for a change in the
center of mass energy.

Fig. 4 shows the exclusive jet cross sections for Higgs plus one, two and three jets for
both 8 and 13 TeV. At NLO a H+n jets process contributes of course to two jet multiplicities,
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production process it is not obvious that this scale should be adopted for all strong couplings.
Because the top quark has been integrated out, one could argue that the strong coupling
associated to the effective Higgs-gluon vertex should be fixed to the natural scale of this
vertex, and that this would be of the order of mH. Furthermore it is not obvious whether one
should vary this scale together with the scales for the other powers of ↵s when performing
the usual scale variation to assess the theoretical uncertainties. We note that there is no
’correct’ choice and that the differences between the choices are formally of higher order. It
is therefore interesting to investigate their effect on phenomenological results.

We consider three different scale choices, defined as

A : ↵s

✓
x · Ĥ 0

T

2

◆3

↵s (x · mH)2 (2.8a)

B : ↵s

✓
x · Ĥ 0

T

2

◆5

(2.8b)

C : ↵s (x · mH)5 . (2.8c)

The presence of the factor x indicates that this scale is varied in the range x 2 [0.5 . . . 2].
A variant of scale A, where the two powers of ↵s evaluated at mH do not change with
varying x was used in previous computations of H + 3 jets [54, 58]. This however leads to a
somewhat artificial reduction of the scale uncertainty, and therefore we do not consider the
corresponding scale in the following.

3 Higgs boson plus jets phenomenology

In this section we discuss the results that have been obtained with the set of basic gluon
fusion cuts as described in Eq. (2.5).

3.1 Cross sections, scale dependence and technicalities

We start our analysis by presenting the results for the inclusive cross sections using basic
gluon fusion cuts and the different scale choices shown above. Fig. 1 shows the total cross
sections for H+1 jet, H+2 jets and H+3 jets for both LO and NLO at 8 TeV (left plot) and
13 TeV (right plot). The cross sections are calculated for the three different scale choices A,
B, and C defined in Eq. (2.8). The upper part of the plot displays the LO and NLO results
for the H + n jets process for the central scale and the variations around the central scale as
defined in the corresponding scale choices. The lower plot shows the ratios

rn/n�1 = �tot(H + nj)/�tot(H + (n � 1)j) , (3.1)

for n + 2, 3, 4 at LO and n = 2, 3 at NLO accuracy.
Independent of the scale choice and order in perturbation theory we see that the ratio

r2/1 is larger than the ratio r3/2. One might expect this behavior for two reasons: On the
one hand the H+2 jets process has new kinematical topologies compared to H+1 jet. In
particular, it is possible that the Higgs boson is (almost) at rest in a H+2 jets final state,
while it must always carry some transverse momentum in a H + 1 jet final state, at least

– 6 –

[Greiner, Hösche, Luisoni, Schönherr, Winter, Yundin]



H + 3j @ NLO
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Figure 7: The pT -distribution of the Higgs in the H + 3 jets process for 8 TeV presented for the
three scales A, B and C of Eq. (2.8). The subplot 7a shows the same distributions normalized to the
NLO result for scale A.

10, the third jet by a factor of 0.1, the second jet is shown unchanged. On a logarithmic
scale this leads to a vertical shift of the different curves, preserving however their shapes and
the size of the uncertainty bands. It is therefore possible to better appreciate the different
behavior of the curves over the considered kinematical range. In the ratio plots below we
show the NLO/LO ratio for each pair of curves, this means that each jet distribution is
normalized to its own LO distribution. Looking at the distributions we observe to a larger
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Figure 7: The pT -distribution of the Higgs in the H + 3 jets process for 8 TeV presented for the
three scales A, B and C of Eq. (2.8). The subplot 7a shows the same distributions normalized to the
NLO result for scale A.

10, the third jet by a factor of 0.1, the second jet is shown unchanged. On a logarithmic
scale this leads to a vertical shift of the different curves, preserving however their shapes and
the size of the uncertainty bands. It is therefore possible to better appreciate the different
behavior of the curves over the considered kinematical range. In the ratio plots below we
show the NLO/LO ratio for each pair of curves, this means that each jet distribution is
normalized to its own LO distribution. Looking at the distributions we observe to a larger
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[Greiner, Hösche, Luisoni, Schönherr, Winter, Yundin]
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QCD @ NNLO
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• In principle, the whole story generalises in a straightforward 
manner.

• In practise, there is a huge jump in complexity when going 
from NLO to NNLO.



Virtual corrections
• At one loop, we know a complete basis of integrals in 4 

dimensions.

• Apart from these integrals, we only know a few very specific 
two-loop integrals:

• At two loops, we only know very few and specific integrals.
➡ 2-to-2 massless, 2 scales (e.g. dijets): ~1999
➡ 2-to-2 one leg off shell, 3 scales (e.g. Z+j): ~2000-01

➡ 2-to-2 two legs off shell, 4 scales (e.g. ZZ): ~2014

➡ We do not know any two-loop 2-to-3 integrals…

➡ ttbar (num.)

➡ some integrals for electroweak corrections



IR divergences @ NNLO

• Even if we can compute the virtual amplitudes, we still need 
to combine them with the real radiation contributions.

➡ Antenna subtraction.

➡ qT subtraction.

➡ Colourful NNLO

➡ Stripper.

➡ N-jettiness subtraction.

[Gehrmann, Gehrmann-de Ridder, Glover]

[Catani, Grazzini]

[Somogyi, Tróscányi]

[Czakon]

• We do not have a fully general subtraction scheme as we 
have at NLO, but a lot of progress in the last years:

[Boughezal, Focke, Liu, Petriello; 
Gaunt, Stahlhofen, Tackmann, Walsh]



IR divergences @ NNLO
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NNLO dijets at the LHC

The NNLO Marketplace

In recent years many new tools developed for NNLO

I all have advantages and disadvantages

analytic FS colour IS colour local
antenna subtraction 3 3 3 7
STRIPPER 7 3 3 3
qT subtraction 3 7 3 3
reverse unitarity 3 7 3 -
Trócsányi et al 7 3 7 3

Antenna subtraction is the only method for computing cross sections with:

I hadronic initial-states

I jets in the final-state (especially more than one jet)

I analytic pole cancellation
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QCD @ higher orders
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QCD @ higher orders

[Czakon, Fiedler, Mitov]

NNLO dijets at the LHC

NNLO dijets

Inclusive jet pT scale dependence

Full colour gluons only contribution
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4

too, and a consistent NNLO treatment would require the
analysis of Ref. [35] to be extended to NNLO, which is
now possible with the help of the results derived in this
letter as well as Ref. [12]. Given the numerical effect is
small (a 0.7% shift at LHC 8 TeV and a 0.4% shift at the
Tevatron), in this work we take A = 0.
As can be concluded from table I the precision of the

theoretical prediction at full NNLO+NNLL is very high.
At the Tevatron, the scale uncertainty is as low as 2.2%
and just slightly larger, about 3%, at the LHC. The inclu-
sion of the NNLO correction to the gg-initiated reaction
increases the Tevatron prediction of Ref. [12] by about
1.4%, which agrees well with what was anticipated in
that reference.

Collider σtot [pb] scales [pb] pdf [pb]

Tevatron 7.009 +0.259(3.7%)
−0.374(5.3%)

+0.169(2.4%)
−0.121(1.7%)

LHC 7 TeV 167.0 +6.7(4.0%)
−10.7(6.4%)

+4.6(2.8%)
−4.7(2.8%)

LHC 8 TeV 239.1 +9.2(3.9%)
−14.8(6.2%)

+6.1(2.5%)
−6.2(2.6%)

LHC 14 TeV 933.0 +31.8(3.4%)
−51.0(5.5%)

+16.1(1.7%)
−17.6(1.9%)

TABLE II: Pure NNLO theoretical predictions for various
colliders and c.m. energies.

To assess the numerical impact from soft gluon re-
summation, in table II we present results analogous to
the ones in table I but without soft gluon resummation,
i.e. at pure NNLO. Comparing the results in the two
tables we conclude that the effect of the resummation
is a (2.2, 2.9, 2.7, 2.2)% increase in central values and
(2.4, 2.2, 2.1, 1.5)% decrease in scale dependence for, re-
spectively, (Tevatron, LHC7, LHC8, LHC14).
Next we compare our predictions with the most precise

experimental data available from the Tevatron and LHC.
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FIG. 3: Theoretical prediction for the Tevatron as a function
of the top quark mass, compared to the latest combination of
Tevatron measurements.
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The comparison with the latest Tevatron combination
[36] is shown in fig. 3. The measured value σtot = 7.65±
0.42 pb is given, without conversion, at the best top mass
measurement [37] m = 173.18 ± 0.94 GeV. From this
comparison we conclude that theory and experiment are
in good agreement at this very high level of precision.
In fig. 4 we show the theoretical prediction for the

tt̄ total cross-section at the LHC as a function of the
c.m. energy. We compare with the most precise avail-
able data from ATLAS at 7 TeV [38], CMS at 7 [39] and
8 TeV [40] as well as the ATLAS and CMS combination
at 7 TeV [41]. We observe a good agreement between
theory and data. Where conversion is provided [39], the
measurements have been converted to m = 173.3 GeV.
Finally, we make available simplified fits for the top

mass dependence of the NNLO+NNLL cross-section, in-
cluding its scale and pdf uncertainties:

σ(m) = σ(mref )
!mref

m

"4
(16)

×

#

1 + a1
m−mref

mref
+ a2

$

m−mref

mref

%2
&

.

The coefficient a1,2 can be found in table III.

CONCLUSIONS AND OUTLOOK

In this work we compute the NNLO corrections to
gg → tt̄ + X . With this last missing reaction included,
the total inclusive top pair production cross-section at
hadron colliders is now known exactly through NNLO
in QCD. We also derive estimates for the two-loop hard
matching coefficients which allows NNLL soft-gluon re-
summation matched consistently to NNLO. All results
are implemented in the program Top++ (v2.0) [33].

[Currie, Glover, Gehrmann, 
Gehrmann-de Ridder, Pries, Wells]
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Jets

[Slide from G. Salam]

Gavin Salam (CERN) QCD basics 4 ICTP-SAIFR school, July 2015

Reconstructing jets is an ambiguous task

7

Seeing v. defining jets[Introduction]

[Background knowledge]

Jets are what we see.
Clearly(?) 2 jets here

How many jets do you see?
Do you really want to ask yourself
this question for 109 events?

Gavin Salam (CERN) Jets and jet substructure (1) June 2013 6 / 35


